A general formalism is worked out for the description of one-dimensional scattering in non-hermitian quantum mechanics and constraints on transmission and reflection coefficients are derived in the cases of P, T or PT invariance of the Hamiltonian. Applications to some solvable PT -symmetric potentials are shown in detail.
Introduction
Since the seminal paper by Bender and Boettcher [1] , research on PT -symmetric quantum mechanics has been mainly focused on bound states, either with real energies, or in complex conjugate energy pairs, while relatively few authors have studied scattering states of Hamiltonians with both discrete and continuous spectra [2, 3, 4, 5] .
This gap has been recently bridged, at least in part, by a review paper on complex absorbing potentials [6] , covering the more extended topics of onedimensional scattering in non-hermitian quantum mechanics, with some general formulae valid for complex PT -symmetric potentials. Nonetheless, we think it worthwhile to go into further details in the latter case, while paying the due credit to the authors of Ref. [6] , and apply our formalism to some examples of solvable potentials for the sake of clarity.
In any case, we share the philosophy of ref. [6] , i. e. to consider PT -symmetric potentials as complex potentials defined on the real axis. Therefore, when we define complex coordinate shifts, we mean this as a method of generating complex potentials depending on a real coordinate.
The main purpose of the present paper is thus to give a general description of one-dimensional scattering in non-hermitian quantum mechanics with the Hamiltonian, H, invariant either under parity, P, or time reversal, T , or their product, PT , in the case H is not separately invariant under P and T . We do not intend, however, to provide here physical motivations for PT symmetry, nor to elaborate on the significance of violation of hermiticity and unitarity in quantum mechanics. The reader interested in these topics can consult a wide list of references, in particular the recent works [7, 8, 9] and references therein.
In the present work, we limit ourselves to a framework in which the scattering potentials vanish asymptotically: in particular, we exclude potentials diverging at infinity, like those considered in Ref. [10] . Therefore, our asymptotic wave functions are linear superpositions of plane waves and the present approach closely resembles standard scattering theory described in text-books on quantum mechanics, such as Ref. [11] , in the limit in which Hermiticity and P− and T −symmetries hold.
What we try to achieve is to assemble a comprehensive and self-contained formalism for discussing scattering problems in one-dimensional quantum mechanics. With this formalism available, we provide suitable examples, which should make the reader capable of elaborating his/her judgement on the relevance of the subject of PT symmetry, including some contributions to a better understanding of "exact" PT symmetry. Due to the relation of the Schrödinger equation to the classical Helmholtz equation, our formalism may be accommodated to deal with optics [6, 12] with refraction index characterized by "handedness" [13] .
In addition, we try to clarify the interplay between T invariance and hermiticity, displaying a complex non-local solvable potential in which hermiticity does not force T invariance, but can be compatible with PT invariance. To our knowledge, a PT −symmetric non-local potential is introduced and worked out here for the first time.
We hope that our work is sufficiently self-contained, such as not to require any particular specific background of the reader. The paper definitely has topical review aspects, though it does not pretend to give a complete list of references. There are, however, relevant original results, in particular for non-local separable potentials.
The paper is organized as follows: section 2 describes the basic formalism of one-dimensional scattering in non-hermitian quantum mechanics, section 3 introduces symmetries under which H may be invariant, section 4 defines density currents and continuity equations, section 5 applies the formalism worked out in the previous three sections to some solvable potentials. Finally, section 6 is devoted to conclusions.
L-R Representation
We start from the general time-dependent Schrödinger equation
written in unitsh = 2m = 1. For a monochromatic wave, of energy ω, the time dependence of the wave function is
In the present work, unless otherwise stated, we consider local potentials, for which the kernel K reduces to
If eqs.(2-3) hold, eq. (1) reduces to the time independent Schrödinger equation satisfied by Ψ(x)
with k = √ ω (> 0) the wave number. In order to solve eq.(4), it is convenient to work in a two dimensional Hilbert space where the basis vectors are the kets |R > and |L > (and the corresponding bras < R| and < L|). In configuration space,with the choice of the time dependent phase given by eq. (2),
represents a plane wave travelling from left to right and
a wave travelling from right to left. In the following, the explicit k dependence of the basis vectors will be omitted, whenever not strictly necessary, for simplicity of notation. In coordinate space, the asymptotic states , i.e., outside the (finite) range of the potential, can be expressed at x → −∞ as
and, at x → +∞, as
or, in terms of wave functions
In the case of a finite-range local potential, Eq. (4) admits a general solution written as a linear combination of two independent solutions, F 1 (x) and F 2 (x), with non-zero Wronskian, whose asymptotic expressions are both of the form:
The a m± and b m± are simply related to the asymptotic amplitudes A ± and B ±
If Ψ 1 (x) = αF 1 (x) + βF 2 (x) , inserted into Eq. (2), gives rise to a wave moving from x = −∞ to x = +∞, the amplitude of the regressive wave vanishes at +∞:
and the transmission and reflection coefficients of the wave moving from left to right are immediately written as
The asymptotic form of Ψ 1 (x) is thus, neglecting a global normalization factor
Similarly, if Ψ 2 (x) gives rise to a wave moving from x = +∞ to x = −∞, the amplitude of the progressive wave vanishes at −∞:
and the transmission and reflection coefficients of the wave moving from right to left are:
As a consequence, the asymptotic form of Ψ 2 (x) is
When we compute the Wronskian of Ψ 1 and Ψ 2 , defined as
we readily obtain W (−∞) = −2ikT R→L and W (+∞) = −2ikT L→R . Therefore, a necessary condition for the Wronskian to be constant on the x axis is T L→R = T R→L . It is easy to check that dW /dx = 0 for any well-behaved local potential. Therefore, the equality of the two transmission coefficients is satisfied for any such potential. The scattering matrix, S, connects the outgoing states at t → +∞ to the ingoing ones at t → −∞ |Ψ out = S |Ψ in .
The S matrix elements are directly linked to the transmission and reflection coefficients. In this basis, |R > and |L > can be rewritten as
If we have an ingoing wave of |R type, then the outgoing wave is
If the ingoing wave is of |L type, we obtain, with the same procedure
As a consequence of the above equations, the S matrix elements are explicitly given by
Note that our T i→j (R i→j ) corresponds to T i (R i ) of Ref. [6] and to t j (r j ) of Ref. [5] . Our definition of S matrix is the same as that of Refs. [6, 5] , while in the S matrix defined in the book by Merzbacher [11] the rows are exchanged with respect to ours. The latter author introduces also the transfer matrix, M, yielding the asymptotic states at x → −∞ when applied to those at x → +∞ (see Ref. [11] , formula (6.24)). In our basis, M, like S, is a 2 × 2 matrix, whose elements are easily expressed in terms of right and left transmission and reflection coefficients.
If the incident wave is of |R type, the effect of M is expressed by the equation
while, if the incident wave is of |L type, the following equation holds
From the equations given above, we obtain
can be written also as a linear combination of basic dyadic operators
in the form
This notation will be used in the following sections in the discussion of the invariance of the Hamiltonian with respect to various transformations.
P, T and PT Symmetries
In the present section, we study the transformation properties of the Hamiltonian with respect to P, T and PT reflections. With particular reference to PT transformations, it is useful to introduce a discussion of the behaviour of vectors and matrices in the R − L basis under coordinate shifts.
Coordinate Shifts
In connection with the coordinate shift x → x + X 0 , with X 0 a real number, let us define a displacement operator, D(X 0 ), through its action on the basis vectors |R and |L
and on their dual vectors
In matrix form
Since X 0 is real, D −1 (X 0 ) = D * (X 0 ). The basic dyadic operators are thus transformed under D according to the obvious relations
and a generic one-body operator, conveniently written in the form of a 2 × 2 matrix, is consequently transformed as follows
Parity
We shall consider now the parity transformation
Under parity, the kets |R > and |L > are transformed according to
and the bras < R| and < L| are changed as follows
Hence, the four basic operators Ω ij transformed according to
In this basis, the parity operator can be represented by the matrix P ( with P 2 = 1) [5] , which, acting on the left, exchanges lines, while acting on the right exchanges columns
The Hamiltonian can be expressed as
or, in matrix form
The transformed Hamiltonian is then
Parity invariance for the Hamiltonian, H P = H, therefore requires
In the interaction picture, the S matrix is known to be the following limit of the transition operator, T (t − t 0 ) (see Ref. [11] , formulae (14.49) and (20.7) )
with
and
It is now possible to investigate the transformation of S under parity P. In order to compute
we need
and PU 0 (t) P −1 = U 0 (t), so that
Hence, the S matrix commutes with P. Therefore, if the Hamiltonian is invariant under parity, so is the S matrix, which yields, upon using eq. (16)
The last two equations are strictly analogous to those, eqs. (27) and (28), expressing the parity invariance of the Hamiltonian, and are already given in Ref. [6] .
Generalized Parity
We shall consider the following generalized parity transformation
corresponding to the reflection around the point X 0 /2 on the real x axis. This kind of transformation will be useful in the study of properties of potentials not centred on the origin, and can be readily expressed as the (non commutative) product of the parity operator P and the coordinate shift operator D(X 0 )
Under generalized parity, the kets |R > and |L > are transformed as follows
and, correspondingly, the bras < R| and < L| give
Since the matrix P G (X 0 ) associated to this transformation reads in the |R >, |L > basis
and, consequently,
Thus, the transformed Hamiltonian reads
Invariance of the Hamiltonian under generalized parity, H P G = H, is equivalent to
The behaviour of the S matrix under P G immediately follows from the P G invariance of
We have
P G invariance of the S matrix corresponds to
Time Reversal
For this case we follow the same steps as in subsection 3.2. First, we consider the consequence of the invariance property for the Hamiltonian (26), having in mind that the time reversal operator T is an antiunitary operator (
any ket in the |R >, |L > basis is transformed according to
while a bra fulfills the relation
It is worth stressing that T -invariance as such does not force the potential to be real, and hence, the Hamiltonian to be hermitian.
The Ω ij operators are now transformed into
which may be compared to eqs. (24) and (36). The T −transformed Hamiltonian, H T = T HT −1 , reads
From the properties of the parity operator (25) , it is easy to realize that H T defined in the previous equation is such that
or
where P is the parity operator (25) . We now proceed to examine how the S matrix transforms under T without imposing any symmetry to the Hamiltonian. Starting from the transition operator, T (t − t 0 ), of formula (29), and using eq. (43), we have
which, when t → +∞ and t 0 → −∞, yields
H T = H
For a T -invariant Hamiltonian (H T = H), the diagonal matrix elements are complex conjugate of each other as are the two non-diagonal ones, so that a time reversal invariant Hamiltonian is, in that basis, of the form
Hence, as is well-known, this is not equivalent to hermiticity of the Hamiltonian. Coming now to the transition operator, T , we easily obtain, under time reversal invariance of H, with the same procedure as in the previous subsection,
Hence, H = H T leads to
Simultaneous validity of Eqs. (44, 46) thus leads to the following explicit relations for the S-matrix elements :
Hence, on the assumption that all the S-matrix elements are different from zero, we obtain det
This also forces S LL S * RR , i.e. T R→L T * L→R to be real and
H T = H †
Since, by definition,
, using the explicit representation of H T , formula (41), we may write
which displays transparently the connection between the time reversal transformed Hamiltonian and the hermitian conjugate of the same Hamiltonian. They coincide if the diagonal matrix elements H LL and H RR are identical. In that case the hermiticity of the Hamiltonian forces time reversal invariance. This is what happens for a local potential, yielding the current conservation relation (see section 4). For a non-local potential, in general, H T = H † . If we now assume, instead of time reversal invariance (H T = H), the condition H T = H † , equivalent to the intertwining relation
it is almost immediate to check that
or, in explicit form
leading to the equality of the diagonal matrix elements
At this stage, we want to point out that if we assume, in addition to H = H T , also hermiticity of the Hamiltonian, i.e., H = H † , we see from eq.(47) that we must have H RR = H * RR = H * LL = H LL . Thus, the diagonal matrix elements of H are equal and real.
While condition (48) may be met by Hamiltonians that are neither hermitian, nor T -invariant, for instance those containing local potentials, it is met a fortiori by Hamiltonians that are both hermitian and T -invariant. In the latter case, we simultaneously have H T = H =⇒ S T = S −1 , according to Eq. (46), and (49) . From these conditions the unitarity of the S matrix follows
In terms of S-matrix elements,
Summing up, T -invariance and hermiticity of the Hamiltonian lead to
or, explicitly,
In terms of transmission and reflection coefficients, we then have
It is worth pointing out that our definition of T is consistent with that of ref. [6] , while ref. [5] adopts the following
where K is the complex conjugation operator, and O is a unitary operator.
PT Symmetry
We may now try to understand the consequences of PT -invariance (but not separately parity or time reversal invariance). Any ket in the |R >, |L > basis is transformed under PT according to
while, correspondingly, for a bra
where ρ and σ are complex constants. The dyadic operators Ω ij ≡ |i >< j|, (i, j = R, L) are thus unchanged under PT transformations. Since PT is antilinear, the PT -transformed Hamiltonian reads
H PT = H
According to Eq. (56), invariance of the Hamiltonian under PT leads to the equality
which shows that the matrix elements have to be real. From the Schrödinger equation (4) and the definition of the L − R basis, it is immediate to check that, for a local potential, V (x),
In order for H RR = H LL to be real, it is necessary and sufficient that the imaginary part of the integral on the r. h. s. of Eq. (58) vanishes, i. e. the imaginary part of potential V is an odd function of x. As a consequence of the reality of the off-diagonal matrix elements of H, i. e. of potential V , one readily obtains
The second relation is automatically fulfilled, since V i (x) is an odd function of x, while the first relation forces V r (x) to be an even function.
It is easy to find how the transition operator defined in eq. (31) is affected by PT invariance (reality) of the Hamiltonian, H. Indeed
and, since
This yields for the S -matrix elements
This imposes that S RL S * LR = R R→L R * L→R is real, and that
where the latter condition corresponds to
H PT = H and H T = H †
Remembering that the time reversed Hamiltonian H T is, by definition, such that T H T = HT and H T T = T H and assuming, in addition, condition (48), certainly valid for a local potential and repeated here for clarity's sake, T H = H † T , forces the diagonal elements of the Hamiltonian matrix to be equal, H LL = H RR ; we then see that for a PT -invariant Hamiltonian the following relations hold
On the conditions given above,
i.e., H is pseudo-hermitian [14] with respect to P. As a consequence, the transition operator behaves as follows
Hence, recalling Eq. (29),
and, in the t 0 → −∞, t → +∞ limits,
Thus, under both PT -invariance of the Hamiltonian and the condition that H T = H † , so that the diagonal matrix elements of the Hamiltonian are real and equal, H LL = H RR , we have, since
In turn, this leads to the equality of the diagonal elements of the S matrix
Thus
or, in terms of transmission and reflection coefficients,
It is worthwhile to stress again that the equality (72) of the two transmission coefficients is not a consequence of PT symmetry, which yields only the equality of their moduli, but of the additional intertwining condition (48), valid for any local potential. Again, this point is discussed in Ref. [6] .
Exact Asymptotic PT Symmetry
In this sub-section, we consider Hamiltonians with exact PT symmetry, i. e. PT -invariant Hamiltonians whose eigenstates are also eigenstates of PT .
It has been recently proved [15] that a Hamiltonian with exact PT symmetry is unitarily equivalent to a Hamiltonian that is hermitian with respect to a suitably defined inner product.
Let us now investigate some consequences of exact PT symmetry on the S matrix. To this aim, it is convenient to introduce the transformation under PT of a generic wave function, Ψ (x)
and the condition of exact PT symmetry
where θ is a real number, because (PT ) 2 = 1. Let us apply Eq. (74) to the asymptotic wave functions defined in section 2,
and, in terms of their amplitudes, A ± , B ± , A ± and B ± ,
Hence, in particular
The latter equalities come from the boundary conditions for an incident progressive wave (B + = 0) and an incident regressive wave A − = 0 , respectively. The S matrix elements are thus written as
The reflection coefficients are thus zero and the transmission coefficients have unit modulus, in keeping with the more general condition |det S| = 1, Eq. (63), imposed by the PT symmetry of the Hamiltonian. In this case, the S matrix is unitary, too, since
Conversely, it is not difficult to show that conditions (80) on the S matrix elements are sufficient to ensure that the corresponding asymptotic wave functions are eigenstates of PT .
Examples of PT -symmetric reflectionless potentials are discussed in section 5.4.
Probability Current and Density for Linear and Antilinear Transformations
In the present section, we consider the time-dependent Schrödinger equation (1) with a local potential, V (x), and its solution, ψ(x, t). In this case, T invariance is equivalent to hermiticity and V is real. We introduce a linear transformation, U L , and a corresponding antilinear transformation, U A , commuting with the kinetic energy operator, p 2 = −∂ 2 /∂x 2 , and apply them to the Schrödinger equation (1) with a local potential (3):
where Ψ U ≡ UΨ and
namely, if V is invariant under U, it commutes with U. Now, we multiply the equation satisfied by ψ U A by ψ and the initial Schrődinger equation by ψ U A and subtract them side by side, obtaining:
Now we introduce the density of probability current:
and the density of probability:
Therefore, Eq. (81) can be rewritten as:
If the potential is invariant under U A the right-hand side of Eq. (82) is zero and we obtain a continuity equation, which, for stationary waves, yields a constant current.
Analogously, for a linear transformation, we first have to consider the complex conjugate of the equation satisfied by ψ U L and repeat the same steps as before, by replacing everywhere
For real V , similar considerations are valid and Eq. (83) is reduced to a continuity equation.
The formalism outlined above does not apply to non-local potentials. An attempt to extend flux conservation to the latter case is described in Ref. [16] .
The PT -Symmetric Case
In the case of PT -symmetric potentials, the definitions of ρ and j satisfying a continuity equation are easily obtained by writing the time-dependent Schrődinger equations satisfied by ψ P (x, t) and ψ T (x, t):
where ψ P (x, t) = ψ (−x, t) and ψ T (x, t) = ψ * (x, t), so that the equations given above are equivalent to the following
By multiplying side by side the first equation by ψ * (x, t) and the second equation by ψ (−x, t), and subtracting the two equations side by side, we obtain
PT invariance implies that V (−x) = V * (x), so that the equation above can be reduced to a continuity equation
which is consistent with the definition of j given in Ref. [17] . The following relation holds:
It is worthwhile to point out that j is identically zero when ψ * (x) = e iα ψ (−x) , where α is a real constant, i. e. ψ is an eigenstate of PT . If ψ is a stationary wave, ψ (x, t) = e −iEt ψ (x) , j depends only on x and current (87) is constant in the whole space. The asymptotic solutions can be taken in the form of stationary waves and we obtain, remembering that, for a wave travelling from left to right, Eq.(9), we have B + = 0:
and, in the same way j (−∞) = −2kA + B Assuming now B − = 0, conservation of current implies that we also have j (−∞) = j (+∞); hence, the current is purely imaginary and we can write:
or, dividing both sides of the above equation by A − A * − and remembering the definitions of T L→R and R L→R :
a result already obtained in sub-section 3.5.2, or, equivalently:
which means that the phase ϕ r of the reflection coefficient and ϕ t of the transmission coefficient are related by:
where n is an integer. This relation is trivially checked for square well [11] , hyperbolic Scarf [3] and generalized Pőschl-Teller [4] potentials.
Explicit Relations for Some Potentials
For the sake of example, the formalism worked out in the previous sections is here applied in detail to a few PT -symmetric solvable potentials. For those already considered in Ref. ([5] ), having an imaginary part made of an odd combination of Dirac delta functions, ℑV (x) = λ δ x +
, it is easy to check that all the relations of subsection 3.5 are valid.
In the presentation of the examples, we make a selection dictated by solvability implemented by different methods.
Complex PT -Symmetric Square Well
Here, V 0 and V 0 are real parameters and V 0 ≥ 0. It is worthwhile to mention that discrete states in a PT -symmetric square well with V 0 = 0 were already studied in Ref. [18] . It was shown, in particular, that the square well possesses a real discrete spectrum on condition that the coefficient, V 1 , of the imaginary part is smaller than a certain critical value. On this condition, the eigenfunctions of H are also eigenfunctions of PT , i. e. the model has an exact PT symmetry. In this case, it is possible to construct a hermitian Hamiltonian unitarily equivalent to the PT -symmetric square well in a Hilbert space endowed with a properly defined scalar product, as shown in full detail in Ref. [19] . The analysis has been extended to the continuum of scattering states in Ref. [20] .
Introducing now
The two linearly independent solutions (Eqs. (9-11) can both be written in the general form
with suitable specification of parameters A, ..., H. The PT -transformed wavefunction reads
PT -symmetric wave functions would thus meet the conditions A = G * , B = H * , C = E * and D = F * . In the treatment of scattering states for V 0 = 0, Ref. [20] considers two linearly independent PT -symmetric wave functions, in keeping with the double degeneracy and reality of the eigenvalues E = k 2 . We stress, however, that these PT -symmetric eigenfunctions are not the Ψ 1 and Ψ 2 functions (see Eqs. (12-13) studied in section 3.5.3. 
They allow to re-express the coefficients of the wave function at x = −∞ in terms of those at x = +∞
The various matrix elements are given by the following expressions
The obvious symmetries relating these auxiliary functions stem out
From these definitions, we see that
A series of relations concerning the M-matrix elements follow from the above relations: some of which are listed below, not pretending to completeness (note that M RR and M LL are invariant under the exchange of α 0 and α 1 ) :
and correspondingly for M LL with, in addition,
and correspondingly for M LR with, in addition,
We can then give more explicit expressions for the diagonal matrix elements :
The Hyperbolic Scarf Potential
As an another example of solvable potential, we consider the hyperbolic Scarf (or Scarf II) potential, whose scattering solutions were investigated in Ref. [22] in the hermitian case and in Ref. [3] in the PT -symmetric case. This potential allows simple analytic solutions for the transmission and reflection coefficients, thus displaying explicitly the singularity structure in the complex k plane characteristic of a PT -symmetric potential. General comments on these singularities as poles of the S matrix connected with bound states and resonances were recently made in ref. [6] . We repeat here the hermitian case of the Scarf II potential, because the solutions given in Ref. [22] contain several misprints. Following the notations of Ref. [3] , the hermitian Scarf II potential is written in the form
where λ and s are real parameters. Two independent scattering solutions are:
where y ≡ sinh x and F (a, b, c; t) is the hypergeometric function. By exploiting the following asymptotic formula of the hypergeometric function [23] 
and the elementary limit lim x→±∞ sinh x = ± exp(±x) 2
, we readily obtain the behaviour of F 1 and F 2 at x → ±∞ :
(λ+k+is)
Therefore, the following relations hold
The procedure is repeated for the second solution, F 2 , with the following results: lim
where
Therefore:
It is worthwhile to stress that the relations connecting a i− with b i+ and b i− with a i+ (i = 1, 2) are valid not only for the hermitian potential (real s and λ), but also for the PT -symmetric potential with real s and imaginary λ = iλ ′ , provided the x coordinate is real.
After some manipulations of the Γ functions in the asymptotic amplitudes, it is not difficult to obtain the compact form of the T L→R and R L→R coefficients first derived in Ref. [22] , corrected in Ref. [3] for a wrong sign, and repeated here for the sake of completeness: 
Formulae (102) hold also for the PT -symmetric version of the potential with real s and imaginary λ = iλ ′ . In this case the hyperbolic functions of λ are changed into circular functions of λ ′ : sinh(iλ ′ ) = i sin(λ ′ ), cosh(iλ ′ ) = cos(λ ′ ). Formulae (102) satisfy the unitarity condition
in the hermitian case (real λ), while in the PT -symmetric case (imaginary λ) unitarity may be broken : for instance, when s is integer and λ/i half-integer, |T L→R | 2 + |R L→R | 2 → ∞ when k → 0 . By using the general definitions of transmission and reflection coefficients, considered as functions of the coupling strength λ, together with the relations connecting a i± and b i± (i = 1, 2), it is easy to check that T R→L (λ) = T L→R (λ) and R R→L (λ) = R L→R (−λ) in both the hermitian and the PT -symmetric case mentioned above, as already noticed in Ref. [13] .
A further transformation preserving PT symmetry of the Scarf potential with real s and imaginary λ is the complex coordinate shift x → x + iǫ (− π 2 < ǫ < + π 2 , in order to avoid singularities in the potential).
The asymptotic forms of the two independent solutions F 1 and F 2 are easily computed by the procedure described in the previous pages: 
Here, a 1+ and b 1+ on the right-hand-side of the previous equations are given by formulae (94) and (95), respectively. In the same way, one gets 
Here, a 1− and b 1− on the r.h.s. are obviously given by formulae (96) and (97), respectively. 
It is thus immediate to check the result of Ref. [3] :
where the T L→R and R L→R coefficients on the r.h.s. of formulae (113-114) are given by (102). Unitarity is obviously broken by ǫ = 0. Moreover, it easy to check that, in the same case
R R→L (ǫ, λ) = R L→R (ǫ, −λ) e −4kǫ .
Reflectionless Potentials
Hermitian reflectionless potentials are much studied in the literature [24, 25, 26] . In this section, we discuss two examples of reflectionless PT -symmetric potentials. The first example is the regularized one-dimensional form of the "centrifugal" potential
where α is a real strength and ε a real constant that removes the singularity at the origin. The time-independent Schrődinger equation for the potential under investigation reads, in unitsh = 2m = 1
